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A B S T R A C T

Wavelet shrinkage estimation received considerable attentions to estimate stochastic processes such as a
non-homogeneous Poisson process in a non-parametric way, and was applied to software reliability estima-
tion/prediction. However, it lacks the prediction ability for unknown future patterns in long term and penalizes
assessing the software reliability in practice. In this paper, we focus on the long-term prediction of the number
of software faults detected in the testing phase and propose many novel long-term prediction methods based
on the wavelet shrinkage estimation. The fundamental idea is to adopt both the denoised fault-count data and
prediction values, and to minimize several kinds of loss functions to make effective predictions. We also develop
an automated wavelet-based software reliability assessment tool, W-SRAT2, which is a drastic extension of the
existing tool, W-SRAT, by adding those prediction algorithms. In numerical experiments with 6 actual software
development project data, we investigate the predictive performance of our long-term prediction approaches,
which consist of 2,640 combinations, and compare them with the common software reliability growth models
with the maximum likelihood estimation. It is shown that our wavelet shrinkage estimation/prediction methods
outperform the existing software reliability growth models.
1. Introduction

Software reliability growth model (SRGM) is a simple but the most
fundamental solution to monitor the software testing progress, and can
be used for quantification of software product reliability and software
release engineering (Lyu, 1996). It describes the relationship between
software testing time and the cumulative number of software fault-
counts. Software fault-count phenomenon is commonly modeled by a
stochastic counting process with respect to the testing time measured
by calendar time in many cases. Especially, non-homogeneous Pois-
son process (NHPP)-based SRGMs have been considered as the most
popular solutions in the literature, where the parametric form of the
intensity function in an NHPP is assumed in advance. Although the
NHPP is one of the simplest stochastic counting processes, a series
of the reliability assessment procedures including parameter estima-
tion, model selection and prediction of reliability measures, are not
so trivial. In the parameter estimation with the software fault-count
data experienced in the testing, the commonly used technique is the
maximum likelihood estimation. However, several drawbacks for the
maximum likelihood estimation are pointed out. For instance, there
may not always exist a unique and finite maximum likelihood estimate
of the model parameter. Also, it has been known that the parametric
model selection of NHPP-based SRGMs strongly depends on the kind
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of software fault-count data, so that the best SRGM which can fit
every software fault-count data does not exist. Then the model selection
of SRGMs is quite troublesome in practice, because a great number
of parametric SRGMs have been proposed during the last almost 5
decades. The Bayesian estimation is an alternative option to predict
the quantitative software reliability (Achcar et al., 1998; Kuo and
Yang, 1996). However, the computation cost to calculate the poste-
rior distribution of the number of software faults is rather expensive,
and the interpretation of the resulting quantification is not always
easy for practitioners (Okamura and Dohi, 2009), because the prior
distributions and the hyperparameters affect the prediction results as
well.

Hence, non-parametric methods to estimate the intensity func-
tion in NHPP-based SRGM without assuming any parametric form
have been proposed by many authors. Barghout et al. (1998) consid-
ered a non-parametric order statistics SRGM to predict the software
fault-detection time. Saito and Dohi (2015) applied a non-parametric
maximum likelihood estimation with the fault-detection time data,
and estimated the intensity function under a monotone constraint.
Dohi et al. (2020) investigated several kernel-based non-parametric
approaches, and showed that non-parametric SRGMs can fit the un-
derlying fault-count data better than the representative parametric
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NHPP-based SRGMs. The above references just focused on the statistical
estimation of the software intensity function with the software fault-
detection time domain data, but did not consider the time-interval
(group) data of software fault-counts measured by calendar time.
Saito and Dohi (2016) applied the same idea as Sofer and Miller
(1991) to the group data analysis, and refined the non-parametric esti-
mation/prediction scheme with the group data. Unfortunately, these
non-parametric methods are still expensive in computation. In gen-
eral, whether it is a parametric model or a non-parametric model,
optimization algorithms need to be applied to obtain estimates. For
parametric models, maximum likelihood estimation is used, while for
non-parametric models, such as kernel estimation, bandwidth estima-
tion requires the application of optimization algorithms. Therefore,
they are expensive in computation. Xiao and Dohi (2013a,b) intro-
duced the wavelet shrinkage methods to estimate the discrete intensity
function of NHPP-based SRGM as another non-parametric estimation
scheme with cheap in computation, where only simple mathematical
operations are needed (without ‘lht’ threshold method). However, they
do not development a long-term prediction method for wavelet-based
SRGMs. In this paper, we focus on the long-term prediction of the num-
ber of software faults detected in the testing phase and propose many
novel long-term prediction methods based on the wavelet shrinkage
estimation. The fundamental idea is to adopt both the denoised fault-
count data and prediction values, and to minimize several kinds of loss
functions to make effective predictions.

Apart from non-parametric approaches with SRGMs, it is quite im-
portant to develop the computer-aided software reliability assessment
tools in actual software reliability management. Since the early 80 s,
several reliability assessment tools have been developed to promote
the application of software reliability engineering. Emerald (Hudepohl
et al., 1996), AT&T SRE Toolkit (Software, 1990), SoRel (Kanoun et al.,
1993), SMERFS (Farr, 1993), CASRE (Lyu and Nikora, 1992), Robust (Li
and Malaiya, 1995), SREPT (Ramani et al., 2000), CARATS (Huang and
Lyu, 2011), SRMP (Reliability, 1988) are the legacy tools in software
reliability engineering, where almost all tools deal with the parametric
SRGMs. Okamura and Dohi (2013) developed SRATS with 11 para-
metric NHPP-based SRGMs, and implemented the EM (Expectation-
Maximization) algorithms to enjoy the global convergence of model
parameters in the maximum likelihood estimation. Shibata et al. (2007,
2015) developed PISRAT and M-SRAT to incorporate the software met-
rics such as the development effort, code size, code complexity, etc. in
software reliability assessment. Cinque et al. (2017) and Carrozza et al.
(2018) proposed a debugging-workflow-aware SRGM to utilize data
from issue tracking systems, and an SVEVIA framework for software
quality assessment, decision support and productivity management
with SRGMs, respectively. Nagaaraju et al. (2019) developed SFRAT,
which is an open source to incorporate the methods into the software
testing workflows, and to contribute related statistical predictions. In
this way, the tool development is necessary to apply the theoretical
models to the practical software reliability management. It should
be noted, however, that the above tools have also treated only the
parametric SRGMs with specific intensity functions and different pa-
rameter estimation methods such as the least squares method. In other
words, there is no software reliability assessment tool based on the
non-parametric approach in the past.

This paper introduces 2640 wavelet prediction methods by ap-
plying various data transformation methods and threshold rules. To
address the issue of determining the most effective combination of
data transformation methods and threshold rules for different types
of software failure data, we rank the prediction methods in terms
of PMAE. We test the predictive performance of each combination
across 6 different actual software development project datasets and 3
different software testing phases. The model with the strongest overall
predictive performance implies the greatest versatility. This method can
2

be applied to various types of software failure data and represents the
most effective combination of data transformation methods and thresh-
old rules. We compare our wavelet prediction method with existing
parametric methods. In the field of software reliability, hundreds of
software reliability growth models have been proposed. We compare
with the most representative 11 software reliability models. The re-
sults show that our wavelet method significantly outperforms any of
the eleven existing representative SRMs in terms of overall predictive
performance. We also discuss the sensitivity about different prediction
methods and described the threats to the validity of the experiment.

The remaining part of this paper is organized as follows. In Sec-
tion 2, we briefly introduce the recently research work about wavelet
in software reliability. In Section 3, we overview the NHPP-based
SRGMs. Section 4 briefly summarizes the wavelet shrinkage estima-
tion techniques (Xiao and Dohi, 2013a,b). Our contribution starts in
Section 5. In Section 5.1, we summarize the short-term software re-
liability prediction method proposed by Xiao and Dohi (2013a,b) In
Section 5.2, we propose two new long-term prediction algorithms and
some variants of the loss function in Section 5.3. In Section 5.4, we
further propose a weighted loss function that can be superimposed
on the loss function proposed in Section 5.3. Overall, we propose 60
different long-term prediction methods in Section 5. The each long-
term prediction method can combine with different wavelet shrinkage
estimation (denoise) method, so we propose total 2640 wavelet-based
long-term prediction methods. In Section 6, we introduce our developed
wavelet-based software reliability assessment tool, W-SRAT2, from the
viewpoints of the interface and functionality. Section 7 is devoted
to numerical experiments. Finally, the paper is concluded with some
remarks in Section 8.

2. Recently research

The wavelet shrinkage estimation (WSE) is a lightweight non-
parametric estimation for the NHPP-based SRGM , which can be applied
when the mean value function or intensity function is completely
unknown. The fundamental idea is to apply the discrete Haar-wavelet
(Daubechies, 1992). Xiao and Dohi (2013a,b) considered the data
transform based WSE (DT-WSE) (Xiao and Dohi, 2013a) and non-
data transform based WSE (NDT-WSE) (Xiao and Dohi, 2013b) to
estimate the NHPP-based SRGM without specifying the mean value
function. Since the wavelet shrinkage estimation is based on denoising
of the underlying fault-count data, it does not need to solve any
complex optimization problem in the maximum likelihood estimation,
and to compute multiple integrals via the Markov chain Monte Carlo
in the Bayesian estimation. In that sense, the wavelet-based approach
is regarded as a lightweight non-parametric estimation method of the
software intensity function. However, it has a serious drawback that
not only the long-term prediction of the number of software faults
but also the quantification of software reliability for an arbitrary
testing/operational period is difficult. Xiao and Dohi (2013a) proposed
an intuitive approach to predict sequentially the number of software
faults in a fashion similar to Barghout et al. (1998) . This method indeed
enables us to make the one-stage look-ahead prediction, but does not
lead to the multi-stage look-ahead long-term prediction of quantitative
software reliability, which is defined as the probability that software
fault is fault-free for an arbitrary time period.

Recently, Wu et al. (2021) developed an automated wavelet-based
software reliability assessment tool, W-SRAT, and implemented a long-
term prediction algorithm for predicting the number of software fault-
counts in future, by refining the one-stage look-ahead prediction by
Xiao and Dohi (2013a) . Although it was the first and unique challenge
for the long-term prediction in non-parametric NHPP-based SRGMs
with the wavelet shrinkage estimation, it is important to make the pre-
diction accuracy higher. More specifically, Wu et al. (2021) considered
only one prediction algorithm with 40 wavelet shrinkage estimation

methods.
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In this paper, we focus on the long-term prediction of the number of
software faults detected in the testing phase and propose many novel
long-term prediction methods based on the Haar wavelet shrinkage
estimation. In fact, both NDT-WSE and DT-WSE are based on the
Haar wavelet function, which is the representative discrete wavelet,
because we deal with the fault-count group data. The advantage of the
Haar wavelet function over other wavelet functions is due to the low
computational cost in estimation. The Haar wavelet transform can be
easily implemented with simple algebra. Other wavelet functions, such
as the Daubechies wavelet function, usually do not have a closed-form
expression and can be derived numerically. Dissimilar to the maximum
likelihood estimation, the wavelet shrinkage estimation (denoising)
does not require to solve optimization problems, because the denoising
is a simple operation in almost all cases expect ‘lht’ threshold method.
Therefore, it is obvious that the computational cost of Haar wavelet
estimation is less than that of other methods. The fundamental idea
about our proposed long-term prediction methods is to adopt both
the denoised fault-count data and prediction values, and to minimize
several kinds of loss functions to make effective predictions.

We also develop an automated wavelet-based software reliability
assessment tool, W-SRAT2, which is a drastic extension of the existing
tool W-SRAT (Wu et al., 2021) by adding those prediction algorithms.
W-SRAT2 provides, in total, 2640 combinations of prediction methods
consisting of 60 wavelet shrinkage prediction algorithms under 44
wavelet shrinkage estimation methods with 36 data transform meth-
ods and 8 non-data transform methods in Xiao and Dohi (2013a,b),
and enables us to use one of them for software reliability estima-
tion/prediction. W-SRAT2 consists of two components; a user interface
on the web in the front end, and a computation module written by
Python language in the back end. It is a web-based freeware to predict
the cumulative number of software faults and the quantitative software
reliability.

3. Summary of NHPP-based SRGMs

3.1. Definition

Software reliability growth model (SRGM) describes the relationship
between software testing time and the number of software faults de-
tected in the software testing, and is regarded as a stochastic counting
process. Non-homogeneous Poisson process (NHPP) is considered as an
appropriate SRGM for describing the above relationship. Let 𝑁(𝑡) be the
umulative number of software faults detected during the time interval
0, 𝑡], which is a random variable at a fixed time 𝑡, having the mean
alue function E[𝑁(𝑡)] = 𝛬(𝑡) or intensity function 𝜆(𝑡) = 𝑑𝛬(𝑡)∕𝑑𝑡. Then
he probability mass function (p.m.f.) of 𝑁(𝑡) is given by

Pr(𝑁(𝑡) = 𝑘) =
(𝛬(𝑡))𝑘

𝑘!
𝑒−𝛬(𝑡). (1)

hen the software testing time 𝑡 is discretized as 𝑡 = 𝑡0, 𝑡1, 𝑡2, … (𝑡 ∈ Z)
ith 𝑡0 = 0, we have

r(𝑁(𝑡𝑖) −𝑁(𝑡𝑖−1) = 𝑘) =

(

𝛬(𝑡𝑖) − 𝛬(𝑡𝑖−1)
)𝑘

𝑘!
× 𝑒−{𝛬(𝑡𝑖)−𝛬(𝑡𝑖−1)}, (2)

which denotes the p.m.f. of cumulative number of software faults
detected during the testing time interval (𝑡𝑖−1, 𝑡𝑖] (𝑖 = 1, 2,…). From
Eqs. (1) and (2), it is easy to know that the NHPP-based SRGM is
determined uniquely by giving the mean value function 𝛬(𝑡). The main
concerns in the past literature were to propose appropriate parametric
forms of 𝛬(𝑡) so as to fit the underlying software fault-count data
experienced before. In the discrete-time setting, Yamada et al. (1984),
Yamada and Osaki (1985) and Okamura et al. (2004, 2005) intro-
duced several parametric discrete NHPP-based SRGMs. The discrete-
time SRGMs seem to be used for the above time scale at the first
look. However, it is essentially same as the group data analysis with
the continuous-time SRGMs. Hereafter, we will consider the discrete-
3

time NHPP-based SRGM. When software is released at the 𝑛th testing T
time, 𝑡𝑛, the quantitative software reliability function is defined as the
probability that no software fault is detected during the time period
(𝑡𝑛, 𝑡𝑛 + 𝑙], where 𝑙 (= 1, 2,…) denotes the operational period after
the release. Then the software reliability function is given by 𝑅𝑛(𝑙) =
exp{−(𝛬(𝑡𝑛 + 𝑙) − 𝛬(𝑡𝑛))} (Lyu, 1996).

3.2. Maximum likelihood estimation

Suppose that the mean value function 𝛬(𝑡) = 𝛬(𝑡;𝜽) and the intensity
unction 𝜆(𝑡) = 𝜆(𝑡;𝜽) are known, but the parameters 𝜽 are unknown.
he commonly used technique to estimate the software mean value
unction 𝛬(𝑡;𝜽) is the maximum likelihood estimation. Let 𝜽 be the
odel parameter (vector) in the mean value function in NHPP-based

RGMs. If the functional form of 𝛬(𝑡;𝜽) is given with an arbitrary 𝜽,
hen the statistical estimation problem is reduced to determine the
arameter 𝜽 from the underlying software fault-count data. Suppose
hat the fault-count data, which consist of the discrete time sequence,
𝑖 (𝑖 = 0, 1, 2,… , 𝑛), and the cumulative number of software faults
etected by time 𝑡𝑖, 𝑦𝑖, is available in the testing phase. Then the log
ikelihood function with the group data (𝑡𝑖, 𝑦𝑖) (𝑖 = 0, 1, 2,… , 𝑛) is given
y

(𝜽; (𝑡𝑖, 𝑦𝑖), 𝑖 = 0, 1, 2,… , 𝑛) =
𝑛
∑

𝑖=1
(𝑦𝑖 − 𝑦𝑖−1) ln{𝛬(𝑡𝑖;𝜽) − 𝛬(𝑡𝑖−1;𝜽)}

−
𝑛
∑

𝑖=1
ln{(𝑦𝑖 − 𝑦𝑖−1)!} − 𝛬(𝑡𝑛;𝜽), (3)

here (𝑡0, 𝑦0) = (0, 0). The maximum likelihood estimate of 𝜽, 𝜽̂, is
btained by maximizing (𝜽; (𝑡𝑖, 𝑦𝑖), 𝑖 = 0, 1, 2,… , 𝑛) with respect to
. In this paper, we consider the representative NHPP-based SRGMs
ith 𝛬(𝑡;𝜽) = 𝜔𝐹 (𝑡;𝜶) with 𝜽 = (𝜔,𝜶), where 𝐹 (𝑡;𝜶) is the cumu-

ative distribution function (c.d.f.) denoting the absolutely continuous
ault-detection time distribution and 𝜶 is the model parameter vector.
kamura and Dohi (2013) developed SRATS, Software Reliability As-

essment Tool on the Spreadsheet, and implemented 11 representative
HPP-based SRGMs (fault-detection time c.d.f.). SRATS carry out the
aximum likelihood estimation with the EM algorithms (Okamura

t al., 2002). Table 1 presents the 11 representative NHPP-based SRGMs
mplemented in SRATS (Okamura and Dohi, 2013).

. Wavelet shrinkage estimation

.1. Overview of wavelet shrinkage estimation

Next, we consider the case where the mean value function 𝛬(𝑡) or
ntensity function 𝜆(𝑡) is completely unknown. In this case, the method
f parametric maximum likelihood in Section 3.2 does not work under
he incomplete knowledge on the intensity function and/or mean value
unction. Xiao and Dohi (2013a,b) considered the data transform-based

SE (DT-WSE) (Xiao and Dohi, 2013a) and non-data transform-based
SE (NDT-WSE) (Xiao and Dohi, 2013b) to estimate the NHPP-based

RGM without specifying the mean value function.
In what follows, we summarize the WSE of an NHPP-based SRGM.

efine the discrete intensity function:

𝛬(𝑡𝑖) = 𝛬(𝑡𝑖) − 𝛬(𝑡𝑖−1) = ∫

𝑡𝑖

𝑡𝑖−1
𝜆(𝑡)𝑑𝑡, 𝑖 = 1, 2,… , (4)

hich denotes the expected number of software faults during the 𝑖th
esting interval (𝑡𝑖−1, 𝑡𝑖], 𝑖 = 1, 2,…. Let 𝒙 = (𝑥1, 𝑥2,… , 𝑥𝑛) be the
non-cumulative) number of software faults detected at the 𝑖th testing
nterval and be the realizations of 𝑁(𝑡𝑖) − 𝑁(𝑡𝑖−1), where 𝑦𝑖 =

∑𝑖
𝑗=0 𝑥𝑗

nd 𝑥0 = 0. Our concern is to estimate 𝛥𝛬(𝑡𝑖) with the observation 𝒙.
he WSE is summarized in the following three steps:
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Table 1
The representative parametric NHPP-based SRGMs.

Models 𝛬(𝑡;𝜽)

Exponential dist.
(exp) (Goel and Okumoto, 1979)

𝛬(𝑡;𝜽) = 𝜔𝐹 (𝑡;𝜶)
𝐹 (𝑡;𝜶) = 1 − 𝑒−𝑏𝑡

Gamma dist.
(gamma) (Yamada et al., 1983; Zhao and Xie, 1996)

𝛬(𝑡;𝜽) = 𝜔𝐹 (𝑡;𝜶)
𝐹 (𝑡;𝜶) = ∫ 𝑡

0
𝑐𝑏𝑠𝑏−1𝑒−𝑐𝑠

𝛤 (𝑏)
𝑑𝑠

Pareto dist.
(pareto) (Abdel-Ghaly et al., 1986)

𝛬(𝑡;𝜽) = 𝜔𝐹 (𝑡;𝜶)
𝐹 (𝑡;𝜶) = 1 − ( 𝑏

𝑡+𝑏
)𝑐

Truncated normal dist.
(tnorm) (Okamura et al., 2013)

𝛬(𝑡;𝜽) = 𝜔 𝐹 (𝑡;𝜶)−𝐹 (0;𝜶)
1−𝐹 (0;𝜶)

𝐹 (𝑡;𝜶) = 1
√

2𝜋𝑏
∫ 𝑡
−∞ 𝑒

− (𝑠−𝑐)2

2𝑏2 𝑑𝑠

Log-normal dist.
(lnorm) (Achcar et al., 1998; Okamura et al., 2013)

𝛬(𝑡;𝜽) = 𝜔𝐹 (ln 𝑡;𝜶)

𝐹 (𝑡;𝜶) = 1
√

2𝜋𝑏
∫ 𝑡
−∞ 𝑒

− (𝑠−𝑐)2

2𝑏2 𝑑𝑠

Truncated logistic dist.
(tlogist) (Ohba, 1984)

𝛬(𝑡;𝜽) = 𝜔𝐹 (𝑡;𝜶)
𝐹 (𝑡;𝜶) = 1−𝑒−𝑏𝑡

1+𝑐𝑒−𝑏𝑡

Log–logistic dist.
(llogist) (Gokhale and Trivedi, 1998)

𝛬(𝑡;𝜽) = 𝜔𝐹 (ln 𝑡;𝜶)
𝐹 (𝑡;𝜶) = (𝑏𝑡)𝑐

1+(𝑏𝑡)𝑐

Truncated extreme-value max dist.
(txvmax) (Ohishi et al., 2009)

𝛬(𝑡;𝜽) = 𝜔 𝐹 (𝑡;𝜶)−𝐹 (0;𝜶)
1−𝐹 (0;𝜶)

𝐹 (𝑡;𝜶) = 𝑒−𝑒
− 𝑡−𝑐

𝑏

Log-extreme-value max dist.
(lxvmax) (Ohishi et al., 2009)

𝛬(𝑡;𝜽) = 𝜔𝐹 (ln 𝑡;𝜶)
𝐹 (𝑡;𝜶) = 𝑒−(

𝑡
𝑏
)−𝑐

Truncated extreme-value min dist.
(txvmin) (Ohishi et al., 2009)

𝛬(𝑡;𝜽) = 𝜔 𝐹 (0;𝜶)−𝐹 (𝑡;𝜶)
𝐹 (0;𝜶)

𝐹 (𝑡;𝜶) = 𝑒−𝑒
− 𝑡−𝑐

𝑏

Log-extreme-value min dist.
(lxvmin) (Goel, 1985)

𝛬(𝑡;𝜽) = 𝜔 (1 − 𝐹 (− ln 𝑡;𝜶))
𝐹 (𝑡;𝜶) = 𝑒−𝑒

− 𝑡−𝑐
𝑏

(𝜔 > 0, 𝑏 > 0, 𝑐 > 0).
𝜙

T
l
n

𝛥

T
𝐿

𝛥

F

𝛥

• Step 1: Apply the wavelet transform to the realization 𝒙 to obtain
some scaling coefficients 𝒄𝑗 and wavelet coefficients 𝒅𝑗 , which are
real vectors with scale 𝑗 and contain the information on the time
series 𝒙 at different scales. For convenience of notation, we refer
to 𝒅𝑗 as 𝒅, if not specifically stated.

• Step 2 (Thresholding): Determine a threshold level 𝜏. The
estimates of wavelet coefficients 𝒅 are obtained by 𝒅 = 𝑇 (𝒅, 𝜏),
where 𝑇 (⋅, ⋅) denotes an operator to apply the threshold level 𝜏
in order to remove the noise in 𝒅. There are two thresholding
rules; hard thresholding rule and soft thresholding rule in general.
In the hard and soft thresholding rules, the operators are given
by 𝑇 (𝒅, 𝜏) = 𝒅1{|𝒅|>𝜏} and 𝑇 (𝒅, 𝜏) = sgn(𝒅) × max{|𝒅| − 𝜏, 0},
respectively, where 1{⋅} and sgn(⋅) are the indicator function and
the sign function, respectively.

• Step 3: Apply the denoised wavelet and scaling coefficients to
obtain an (denoised) estimate of 𝛥𝛬(𝑡𝑖).

4.2. Haar wavelet transform

For the purpose of denoising, we represent the time series 𝒙 =
(𝑥1, 𝑥2,… , 𝑥𝑛) as a linear combination of the Harr scaling function and
Harr wavelet function. Suppose 𝑛 = 2𝑗 (𝑗 = 1, 2,…) at the moment. Define
the Haar scaling and wavelet functions by

𝜙(𝑡) =

{

1 (0 ≤ 𝑡 < 1)

0 (otherwise)
(5)

and

𝜓(𝑡) =

⎧

⎪

⎨

⎪

⎩

1 (0 ≤ 𝑡 < 1∕2)

−1 (1∕2 ≤ 𝑡 < 1)

0 (otherwise),

(6)

respectively. By introducing the scaling parameter 𝑗 and the shifting
parameter 𝑘, we also define:

𝜙(𝑡)𝑗,𝑘 = 𝜙(2𝑗 𝑡 − 𝑘), (7)

𝜓(𝑡)𝑗,𝑘 = 𝜓(2𝑗 𝑡 − 𝑘). (8)
4

The scaling parameter 𝑗 means the reduction of the scale of the function
𝜙(𝑡) or 𝜓(𝑡) to 1∕2𝑗 , and the shifting parameter 𝑘 represents the shifting
effect of the rescaled 𝜙(𝑡) or 𝜓(𝑡) to the right of the number axis 𝑘 units,
where 1∕2𝑗 is regarded as one scale unit.

Next, we give the mathematical preliminary of the Haar scaling and
wavelet functions.

Property 1. For ∀𝑗 ∈ N+ and 0 ≤ 𝑘 ≤ 2𝑗 −1, the Haar scaling and wavelet
functions with different scales satisfy

𝜙(𝑡)𝑗,2𝑘 =
1
2
[

𝜙(𝑡)𝑗−1,𝑘 + 𝜓(𝑡)𝑗−1,𝑘
]

, (9)

(𝑡)𝑗,2𝑘+1 =
1
2
[

𝜙(𝑡)𝑗−1,𝑘 − 𝜓(𝑡)𝑗−1,𝑘
]

. (10)

o simplify the analysis, let 𝑡𝑖 = 𝑖 (= 0, 1, 2,… , 𝑛) with equity interval
ength 𝑡𝑖+1 − 𝑡𝑖 = 1. From the realization 𝒙, we define the following
aive estimate as a segmented function:

𝛬̂(𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥1 (0 ≤ 𝑡 < 1)

𝑥2 (1 ≤ 𝑡 < 2)

…

𝑥𝑛 (𝑛 − 1 ≤ 𝑡 < 𝑛).

(11)

he wavelet transform can deal with an arbitrary function 𝑓 (⋅) ∈
2([0, 1]), so we rescale 𝛥𝛬̂(𝑡) with 𝑡′ = 𝑡∕𝑛 as

𝛬̂(𝑡′) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥1 (0 ≤ 𝑡′ < 1∕𝑛)

𝑥2 (1∕𝑛 ≤ 𝑡′ < 2∕𝑛)

…

𝑥𝑛 ((𝑛 − 1)∕𝑛 ≤ 𝑡′ < 1).

(12)

rom 𝜙𝑗,𝑘(𝑡′) = 1 for 𝑡′ ∈ [𝑘∕2𝑗 , (𝑘 + 1)∕2𝑗 ), 𝛥𝛬̂(𝑡′) can be expressed as

𝛬̂(𝑡′) =

⎧

⎪

⎪

⎨

⎪

⎪

𝑥1 ⋅ 𝜙𝐽 ,0(𝑡′) (0 ≤ 𝑡′ < 1∕𝑛)

𝑥2 ⋅ 𝜙𝐽 ,1(𝑡′) (1∕𝑛 ≤ 𝑡′ < 2∕𝑛)

…
′ ′

(13)
⎩

𝑥𝑛 ⋅ 𝜙𝐽 ,𝑛−1(𝑡 ) ((𝑛 − 1)∕𝑛 ≤ 𝑡 < 1)
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=
2𝐽−1
∑

𝑘=0
𝑐𝐽 ,𝑘𝜙𝐽 ,𝑘(𝑡′), (14)

where 𝐽 = max
{

𝑗; 2𝑗 ≤ 𝑛, 𝑗 ∈ N+} is the highest resolution level, and
𝐽 = 𝒙 = (𝑐𝐽 ,0, 𝑐𝐽 ,1,… , 𝑐𝐽 ,2𝐽−1) are the scaling coefficients.

In general, we define the 𝑗−level function space 𝑉𝑗 :

𝑗 =

⎧

⎪

⎨

⎪

⎩

2𝑗−1
∑

𝑘=0
𝑐𝑗,𝑘𝜙(𝑡′)𝑗,𝑘|𝑐𝑗,𝑘 ∈ R, 0 ≤ 𝑡′ ≤ 1

⎫

⎪

⎬

⎪

⎭

, 𝑗 ∈ N. (15)

t holds that 𝛥𝛬̂(𝑡′) ∈ 𝑉𝐽 for an arbitrary discrete function 𝛥𝛬̂(𝑡′) with
ength 2𝑗 . Next, we define the 𝑗-level function space 𝑊𝑗 :

𝑗 =

⎧

⎪

⎨

⎪

⎩

2𝑗−1
∑

𝑘=0
𝑑𝑗,𝑘𝜓(𝑡′)𝑗,𝑘|𝑑𝑗,𝑘 ∈ R, 0 ≤ 𝑡′ ≤ 1

⎫

⎪

⎬

⎪

⎭

, 𝑗 ∈ N, (16)

here 𝒅𝑗 = (𝑑𝑗,0, 𝑑𝑗,1,… , 𝑑𝑗,2𝑗−1) are the wavelet coefficients.

roperty 2. 𝑉𝑗 and 𝑊𝑗 are function spaces which are spanned by the Haar
caling function and wavelet function. Then, it holds that 𝑉𝑗+1 = 𝑊𝑗 ⊕ 𝑉𝑗
or ∀𝑗 ∈ N, where ⊕ means the direct sum.

The above property leads to the fact that

𝑗 = 𝑊𝑗−1 ⊕ 𝑉𝑗−1 = 𝑊𝑗−1 ⊕⋯⊕𝑊𝑗0 ⊕ 𝑉𝑗0 (17)

or ∀𝑗 ∈ N+, where 𝑗0 (≥ 0) is the primary resolution level. It is common
o set 𝑗0 = 0 in many applications. From Eq. (17), an arbitrary function
𝑗 ∈ 𝑉𝑗 can be described as

𝑗 = 𝑤𝑗−1 +⋯ +𝑤𝑗0 + 𝑓𝑗0 , (18)

here 𝑓𝑗0 ∈ 𝑉𝑗0 and 𝑤𝑗 ∈ 𝑊𝑗 .
From Properties 1 and 2, 𝛥𝛬̂(𝑡′) in Eq. (14) can be obtained by

𝛬̂(𝑡′) =
2𝐽−1
∑

𝑘=0
𝑐𝐽 ,𝑘𝜙𝐽 ,𝑘(𝑡′)

=
2(𝐽−1)−1
∑

𝑘=0

[

𝑑(𝐽−1,𝑘)𝜓(𝑡′)𝐽−1,𝑘 + 𝑐(𝐽−1,𝑘)𝜙(𝑡′)𝐽−1,𝑘
]

= 𝑤𝐽−1 + 𝑓𝐽−1
= 𝑤𝐽−1 +𝑤𝐽−2 +⋯ +𝑤𝑗0 + 𝑓𝑗0

=
𝐽−1
∑

𝑗=𝑗0

2𝑗−1
∑

𝑘=0
𝑑𝑗,𝑘𝜓𝑗,𝑘(𝑡′) +

2𝑗0−1
∑

𝑘=0
𝑐𝑗0 ,𝑘𝜙𝑗0 ,𝑘(𝑡

′), (19)

here the scaling coefficients 𝑐𝑗0 ,𝑘 and wavelet coefficients 𝑑𝑗,𝑘 are
iven by

𝑐𝑗−1,𝑘 =
1
2
(

𝑐𝑗,2𝑘 + 𝑐𝑗,2𝑘+1
)

, (20)

𝑑𝑗−1,𝑘 =
1
2
(

𝑐𝑗,2𝑘 − 𝑐𝑗,2𝑘+1
)

(21)

with 𝒄𝐽 = 𝒙 = (𝑐𝐽 ,0,… , 𝑐𝐽 ,2𝐽−1). This decomposition is called the Harr
wavelet transformation, and transforms the original time series 𝒙 to the
scaling and wavelet coefficients. From a simple algebra, the inverse
Harr transforms are given by

𝑐𝑗,2𝑘 = 𝑐𝑗−1,𝑘 + 𝑑𝑗−1,𝑘, (22)

𝑐𝑗,2𝑘+1 = 𝑐𝑗−1,𝑘 − 𝑑𝑗−1,𝑘. (23)

For more details on the wavelet transform, see Xiao and Dohi (2013a,b).

4.3. Gaussian thresholding

Thresholding plays a central role for the wavelet shrinkage estima-
tion. The rationale for thresholding is due to the fact that the wavelet
coefficients should be sparse, so we suppose that the wavelet coeffi-
cients, which are close to zero, are caused by the estimation error. Then,
5

it is appropriate to remove the estimation noise to improve an estimate
𝛥𝛬̂(𝑡′). Donoho and Johnstone (1994) and Nason (1996) proposed the
universal threshold (ut) and the leave-out-half cross-validation threshold
lht), for the noise caused by a Gaussian process, which are given by

=
√

2 log 𝑛, (24)

𝜏 =
(

1 −
log 2
log 𝑛

)− 1
2
𝜎(𝑛∕2), (25)

espectively. In Eqs. (24) and (25), 𝑛 is the length of input vector 𝒙 and
the mathematical definition of parameter 𝜎(𝑛∕2) is referred in Nason
(1996). Since the wavelet coefficients have a multiresolution feature, a
different level-dependent universal threshold (lut) for the sake of Eq. (24)
is given by

𝜏𝑗 =
√

2 log 𝑛𝑗 𝑗 = 1, 2,… , 𝐽 , (26)

under the Gaussian assumption, where 𝑛𝑗 are the lengths of 𝑗th level
wavelet coefficients.

It should be noted that ‘ut’, ‘lht’ and ‘lut’ in the above can be used
to reduce the estimation errors caused by a Gaussian process. Because
the underlying software fault-count data are considered as realizations
of the Poisson random variables in Eq. (1), we need the data transform
from the Poisson count data to the Gaussian data before applying the
Gaussian noise thresholding.

In this paper, we employ 6 kinds of data transform methods. For
the Poisson count data 𝒙, we apply the following representative data
transform formulae.

• Bartlett transforms (Bartlett, 1936, 1947):

𝑠𝑖 = 𝑓𝐵1(𝑥𝑖) = 2
√

𝑥𝑖 −
1
2
,

𝑠𝑖 = 𝑓𝐵2(𝑥𝑖) =
√

𝑥𝑖 −
1
2
, (27)

can be regarded as samples from the normal distributions with
variances of 1 and 1/4, respectively. We call these data transform
methods Bartlett1 (B1) and Bartlett2 (B2), respectively with the
inverse data transforms 𝑥𝑖 = (𝑠𝑖∕2)2 + 1∕2 and 𝑥𝑖 = (𝑠𝑖)2 + 1∕2.

• Anscombe transforms (Anscombe, 1948) :

𝑠𝑖 = 𝑓𝐴1(𝑥𝑖) =2
√

𝑥𝑖 −
3
8
,

𝑠𝑖 = 𝑓𝐴2(𝑥𝑖) =
√

𝑥𝑖 −
3
8
, (28)

can be regarded as samples from the normal distributions with
variances of 1 and 1/4, respectively. We call these data transform
methods Anscombe1 (A1) and Anscombe2 (A2), respectively.
Their inverse data transforms are given by 𝑥𝑖 = (𝑠𝑖∕2)2 + 3∕8 and
𝑥𝑖 = (𝑠𝑖)2 + 3∕8.

• Fisz transforms (Fisz, 1955): Let 𝑐𝑖 = 1
2 (𝑥2𝑖 + 𝑥2𝑖+1) and 𝑑𝑖 =

1
2 (𝑥2𝑖 − 𝑥2𝑖+1). Then,

𝑠𝑖 =𝑓𝐹1(𝑐𝑖, 𝑑𝑖) =
𝑑𝑖
√

𝑐𝑖
,

𝑠𝑖 =𝑓𝐹2(𝑐𝑖, 𝑑𝑖) =
𝑑𝑖

2
√

𝑐𝑖
, (29)

can be regarded as samples from the normal distributions with
variances of 1 and 1/4, respectively. We call these data transform
methods Fisz1 (F1) and Fisz2 (F2), respectively, where their
inverse data transforms are given by 𝑥2𝑖 = 𝑐𝑖+𝑑𝑖 and 𝑥2𝑖+1 = 𝑐𝑖−𝑑𝑖
with 𝑑𝑖 = 𝑠𝑖

√

𝑐𝑖 and 𝑑𝑖 = 2𝑠𝑖
√

𝑐𝑖.

The WSEs with the above Gaussian noise thresholding are referred
to as DT-WSEs in this paper (see Xiao and Dohi (2013a)).
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4.4. Poissonian thresholding

Kolaczyk (1997) developed a specific threshold level for the Poisson
noise and called it the level-dependent threshold (ldt):

𝑗 = 2
𝐽−𝑗+2

2

{

2 log(2𝑗 ) +
√

(

4 log(2𝑗 )
)2 + 8𝜆0 log(2𝑗 )2(𝐽−𝑗)

}

, (30)

where 𝜆0 is the sample mean of the underlying data 𝒙, and 𝑗 is the
current resolution level. We can apply ‘ldt’ directly to wavelet coefficients
𝒅 for denoising without transforming from the Poisson to the Gaussian
data.

Another thresholding technique for the Poisson noise by Kolaczyk
(1997) is the translation-invariant Poisson smoothing using Haar Wavelets
(TIPSH) to overcome the ‘staircase’-like appearance in the estimate
of 𝛥𝛬̂(𝑡′) in Eq. (19). Xiao and Dohi (2013b) employed the TIPSH
algorithm to denoise the Poisson count data without applying the data
transform. From Eqs. (5) and (6), it is seen that the Haar wavelets are
not continuous, but have a block-like shape. This staircase-like structure
sometimes produces the ‘artifacts’ (Kolaczyk, 1997). A typical impact
of artifacts is observed in image processing. An example of a potential
artifact is the sharp edges or unnatural abrupt changes that may occur
in the transformed image due to the step-like characteristics of the Haar
wavelet. These abrupt changes do not reflect the actual characteristics
of the original image, but are introduced by the transformation process.
This type of artifact may cause confusion in subsequent image analysis
or interpretation, thus measures need to be taken to identify and
eliminate these artifacts.

To resolve these artifact problems, TIPSH algorithm works well by
averaging estimates of all circularly shifted versions of the fault-count
data.

From Eq. (19), we confirm again that 𝛬(𝑡′) can be uniquely repre-
sented by vector 𝒄𝐽 = 𝒙. Let 𝑊𝜏 (𝒄𝐽 ) be the wavelet shrinkage estimate
of 𝒄𝐽 . By expanding 𝒄𝐽 to scaling coefficients 𝒄𝑗,𝑘 and wavelet coeffi-
cients 𝒅𝑗,𝑘, and denoising the wavelet coefficients as 𝒅𝑗,𝑘 = 𝑇 (𝒅𝑗,𝑘, 𝜏),
we obtain the resulting estimate 𝒄̃𝐽 of 𝒄𝐽 . Let 𝑺(⋅) be an operator to
generate a matrix, where 𝑆𝑖(𝒙) represents to move the elements of 𝒄𝐽 ,
and 𝑖 positions cyclically. Then, the elements of 𝒄𝐽 are shifted such as

𝑺(𝒄𝐽 ) =
[

𝑆1(𝒙), 𝑆2(𝒙),… , 𝑆𝑛(𝒙)
]𝑇 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑥2 𝑥3 … 𝑥𝑛 𝑥1
𝑥3 𝑥4 … 𝑥1 𝑥2

⋮

𝑥1 𝑥2 ⋯ 𝑥𝑛−1 𝑥𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (31)

where 𝑇 is transpose. Define the matrix

𝑺̃(𝒄𝐽 ) =
[

𝑊𝜏
(

𝑆1(𝒙)
)

,𝑊𝜏
(

𝑆2(𝒙)
)

,… ,𝑊𝜏
(

𝑆𝑛(𝒙)
)]𝑇 (32)

nd the shift-inverse operator 𝑺−1(⋅):

−1(𝑺(𝒄𝐽 )) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑥1 𝑥2 … 𝑥𝑛−1 𝑥𝑛
𝑥1 𝑥2 … 𝑥𝑛−1 𝑥𝑛

⋮

𝑥1 𝑥2 ⋯ 𝑥𝑛−1 𝑥𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (33)

hen the TIPSH estimate, 𝒄̃𝐽 , is given by

𝐽 = 𝑮 ⋅ 𝑺−1(𝑺̃(𝒄𝐽 )) = (𝑐𝐽 ,0, 𝑐𝐽 ,1,… , 𝑐𝐽 ,𝑛−1), (34)

here 𝑮 = ( 1𝑛 ,
1
𝑛 ,… , 1𝑛 ) is an 𝑛-dimensional vector. Finally, we get an

estimate of the mean value function by

𝛬(𝑡′) =
2𝐽−1
∑

𝑐𝐽 ,𝑘𝜙𝐽 ,𝑘(𝑡′). (35)
6

𝑘=0
4.5. Moving average

In the above subsection, we considered only the case where the data
length is 𝑛 = 2𝑗 (𝑗 = 1, 2,…). This is due to the fact that the Haar
wavelet transform can only handle the data of length 𝑛 = 2𝑗 (𝑗 = 1, 2,…)
n nature. Hence we need a way to apply the Haar wavelet transform
o data with arbitrary length. Xiao and Dohi (2013a,b) applied the
oving average method to solve this problem. For the data with

rbitrary length 𝑛 ∈ N+, we first obtain the maximum resolution 𝐽 =
ax

{

𝑗; 2𝑗 ≤ 𝑛, 𝑗 ∈ N+}. If 2𝐽 = 𝑛, then we can directly apply the Haar
wavelet transform, otherwise, say 2𝐽 < 𝑛, we partition the function
𝛥𝛬̂(𝑡′) into sub-functions 𝛥𝛬̂𝑙(𝑡′) , 𝑙 = 0, 1,… , 𝑛 − 2𝐽 :

𝛥𝛬̂𝑙(𝑡′) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑥1+𝑙
( 𝑙
𝑛
≤ 𝑡 < 𝑙 + 1

𝑛

)

𝑥2+𝑙
( 𝑙 + 1

𝑛
≤ 𝑡 < 𝑙 + 2

𝑛

)

…

𝑥2𝐽+𝑙

(

2𝐽 + 𝑙 − 1
𝑛

≤ 𝑡 < 2𝐽 + 𝑙
𝑛

)

0 otherwise.

(36)

The length of each sub-function 𝛥𝛬̂𝑙(𝑡′) is given by 2𝐽 , so that the Haar
avelet transform can be applied. Then, we calculate the estimate of
ach sub-function 𝛥𝛬𝑙(𝑡′) individually:

𝛬𝑙(𝑡′) = 𝑊𝜏 (𝛥𝛬̂𝑙(𝑡′))

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑥𝑙1+𝑙
( 𝑙
𝑛
≤ 𝑡 < 𝑙 + 1

𝑛

)

𝑥𝑙2+𝑙
( 𝑙 + 1

𝑛
≤ 𝑡 < 𝑙 + 2

𝑛

)

…

𝑥𝑙
2𝐽+𝑙

(

2𝐽 + 𝑙 − 1
𝑛

≤ 𝑡 < 2𝐽 + 𝑙
𝑛

)

0 otherwise,

(37)

where 𝑊𝜏 (⋅) denotes the Haar wavelet estimation. Finally, we obtain
the estimate 𝛥𝛬(𝑡′) by averaging the 𝛥𝛬𝑙(𝑡′) as

𝛥𝛬(𝑡) =
∑𝑛−2𝐽
𝑙=0 𝛥𝛬𝑙(𝑡′)
𝑛 − 2𝐽

. (38)

5. Wavelet shrinkage prediction

As motivated in Section 1, there is no satisfactory method for the
long-term prediction of the cumulative number of software faults when
WSE is applied. Wu et al. (2021) proposed a long-term prediction algo-
rithm for predicting the number of software fault-counts in future, by
repeating the one-stage look-ahead prediction. Note that the prediction
algorithm depends on the estimation method of the discrete intensity
function in the NHPP-based SRGMs. More specifically, Wu et al. (2021)
considered a multi-stage look-ahead prediction under 40 estimation
methods. In this paper, we develop 60 prediction algorithms under 44
estimation methods, so the total number of these combinations is 2640.
The 44 estimation methods consist of 36 data transform algorithms
and 8 non-data transform algorithms, where 6 data transform methods
(Bartlett1, Bartlett2, Ascome1, Anscome2, Fisz1, Fisz2), 2 thresholding
rules (soft and hard rules), and 3 threshold values (ut, lut, lht) are
considered in the data transform algorithms, and 2 thresholding rules
(soft and hard rules) and 2 threshold values (ldt, lht) are used in the
non-data transform algorithms under each case where TIPSH is used or
not.

5.1. One-stage look-ahead prediction

Xiao and Dohi (2013a) introduced a short-term prediction method
(Barghout et al., 1998) for the wavelet shrinkage prediction. Their idea
is to use the observed data 𝒙 = (𝑥 , 𝑥 ,… , 𝑥 ) and a arbitrary constant 𝑞
1 2 𝑛
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for constructing a loss function 𝑀0(𝒙, 𝑞). The constant minimizing the
value of 𝑀0(𝒙, 𝑞), 𝑞 = 𝑞∗, is regarded as a prediction of the cumulative
number of software faults detected at the subsequent testing day. We
use the observed data 𝒙 = (𝑥1, 𝑥2,… , 𝑥𝑛) and an arbitrary constant 𝑞 to

ake a new sequence 𝒙𝑞 = (𝑥1, 𝑥2,… , 𝑥𝑛, 𝑥𝑛+1 = 𝑞). We apply a wavelet
hrinkage estimation to obtain an estimate 𝒙̃𝑞 = (𝑥̃1,… , 𝑥̃𝑛, 𝑥̃𝑛+1) by
enoising the updated sequence 𝒙𝑞 . Then the prediction value 𝑞∗ is
iven by

𝑞∗ = arg min
𝑞

𝑀0(𝒙, 𝑞), (39)

0(𝒙, 𝑞) =
‖

‖

‖

𝒙̃𝑞 − 𝒙𝑞
‖

‖

‖2
=

√

√

√

√

𝑛+1
∑

𝑖=1
(𝑥̃𝑖 − 𝑥𝑖)2. (40)

Algorithm 1: Long-Term Prediction Algorithms 1
Data: Observed software faults group data 𝒙 = (𝑥1, 𝑥2,… , 𝑥𝑛),

Prediction term 𝑘.
Result: Prediction value (𝑞∗1 , 𝑞

∗
1 ,… , 𝑞∗𝑘)

1 # Predict 𝑘 term value;
2 𝑖 = 1;
3 while 𝑖 ≤ 𝑘 do
4 # Construct prediction sequence;
5 if 𝑖 == 1 then
6 𝒔𝑞𝑖−1 = 𝒙
7 else
8 𝒔𝑞𝑖−1 = 𝒙 + (𝑞∗1 ,… , 𝑞∗𝑖−1)
9 end
10 # Calculate the optimal value;
11 𝑞−𝑖 = argmin𝑞𝑖 𝑀(𝒔𝑞𝑖−1 , 𝑞𝑖);
12 # Obtain the predictive value;
13 𝑞∗𝑖 = 𝑞−𝑖 ;
14 # Counter increment;
15 𝑖 = 𝑖 + 1;
16 end

5.2. Multi-stage look-ahead prediction

Based on the one-stage look-ahead prediction method, Wu et al.
(2021) proposed the long-term prediction algorithm, Algorithm 1, by
repeating the short-term prediction. Let 𝒙 = (𝑥1, 𝑥2,… , 𝑥𝑛) and 𝒒 =
(𝑞∗1 , 𝑞

∗
2 ,… , 𝑞∗𝑘−1) be the observed data and (𝑘 − 1) one-stage look-ahead

hort-term predictions by substituting 𝑥𝑛+𝑖 = 𝑞∗𝑖 (𝑖 = 1, 2, 𝑘 − 1),
espectively. We generate a new sequence 𝒔𝑞∗𝑘−1 = (𝑥1, 𝑥2,… , 𝑥𝑛, 𝑥𝑛+1 =
∗
1 , 𝑥𝑛+2 = 𝑞∗2 ,… , 𝑥𝑛+𝑘−1 = 𝑞∗𝑘−1) by combining 𝒙 and 𝒒. Then, we obtain
he optimal value 𝑞−𝑘 by

𝑞−𝑘 = arg min
𝑞𝑘

𝑀1(𝒔𝑞∗𝑘−1 , 𝑞𝑘), (41)

1(𝒔𝑞∗𝑘−1 , 𝑞𝑘) =
‖

‖

‖

𝒔̃𝑞𝑘 − 𝒔𝑞𝑘
‖

‖

‖2
=

√

√

√

√

𝑛+𝑘
∑

𝑖=1

(

𝑥̃𝑖 − 𝑥𝑖
)2, (42)

here 𝒔𝑞𝑘 = (𝑥1,… , 𝑥𝑛, 𝑥𝑛+1 = 𝑞∗1 ,… , 𝑥𝑛+𝑘−1 = 𝑞∗𝑘−1, 𝑥𝑛+𝑘 = 𝑞𝑘), and
̃𝑞𝑘 = (𝑥̃1,… , 𝑥̃𝑛, 𝑥̃𝑛+1 = 𝑞∗1 ,… , 𝑥̃𝑛+𝑘−1 = 𝑞∗𝑘−1, 𝑥̃𝑛+𝑘 = 𝑞𝑘), which is

denoised sequence of 𝒔𝑞𝑘 , i.e., 𝑞∗𝑘−1 is defined by denoising 𝑞∗𝑘−1.
he 𝑘th prediction value 𝑞∗𝑘 is given by 𝑞−𝑘 in Algorithm 1. Wu et al.
2021) investigated Algorithm 1 under the loss function 𝑀1(𝒔𝑞∗𝑘−1 , 𝑞𝑘).
n the latter discussion we propose different loss functions to develop
he other prediction algorithms. In other words, Algorithm 1 implicitly
ssumes to apply the updated data sequence to obtain the next 𝑘th
rediction value.

We further propose Algorithm 2 by denoising 𝑞−𝑘 in Eq. (41) to
et the prediction value 𝑞∗𝑘 . More specifically, after obtaining the op-
imal value 𝑞− in Eq. (41), we construct the 𝒔 − = (𝑥 ,… , 𝑥 , 𝑥 =
7

𝑘 𝑞𝑘 1 𝑛 𝑛+1
Algorithm 2: Long-Term Prediction Algorithms 2
Data: Observed software faults group data 𝒙 = (𝑥1, 𝑥2,… , 𝑥𝑛),

Prediction term 𝑘.
Result: Prediction value (𝑞∗1 , 𝑞

∗
1 ,… , 𝑞∗𝑘)

1 # Predict 𝑘 term value;
2 𝑖 = 1;
3 while 𝑖 ≤ 𝑘 do
4 # Construct prediction sequence;
5 if 𝑖 == 1 then
6 𝒔𝑞∗𝑖−1 = 𝒙
7 else
8 𝒔𝑞∗𝑖−1 = 𝒙 + (𝑞∗1 ,… , 𝑞∗𝑖−1)

9 end
10 # Calculate the optimal value;
11 𝑞−𝑖 = argmin𝑞𝑖 𝑀(𝒔𝑞∗𝑖−1 , 𝑞𝑖);
12 # Construct the estimation sequence;
13 𝒔𝑞−𝑖 = 𝒔𝑞∗𝑖−1 + (𝑞−𝑖 );
14 # Denoise the estimation sequence by wavelet shrinkage

estimation (WSE);
15 𝒔̃𝑞−𝑖 = WSE(𝒔𝑞−𝑖 );
16 # Obtain the predictive value ;
17 # (the last element of the sequence 𝒔̃𝑞−𝑖 );
18 𝑞∗𝑖 = 𝑞−𝑖 = 𝒔̃𝑞−𝑖 [−1];
19 # Counter increment;
20 𝑖 = 𝑖 + 1;
21 end

𝑞∗1 ,… , 𝑥𝑛+𝑘−1 = 𝑞∗𝑘−1, 𝑥𝑛+𝑘 = 𝑞−𝑘 ). Next, we denoise the 𝒔𝑞−𝑘 by the
avelet shrinkage estimation which be used in Eq. (42) to obtain

̃𝑞−𝑘 = (𝑥̃1,… , 𝑥̃𝑛, 𝑥̃𝑛+1 = 𝑞∗1 ,… , 𝑥̃𝑛+𝑘−1 = 𝑞∗𝑘−1, 𝑥̃𝑛+𝑘 = 𝑞−𝑘 ). Then, The

𝑘th prediction value 𝑞∗𝑘 is given by 𝑞−𝑘 in Algorithm 2.

5.3. Some variations

In Eq. (42), the loss function 𝑀1(𝒔𝑞∗𝑘−1 , 𝑞𝑘) minimizes the sum of
squared errors between 𝑥̃𝑖 and 𝑥𝑖 for 𝑖 = 1, 2,… , 𝑛 + 𝑘. However, note
that 𝑀1(𝒔𝑞∗𝑘−1 , 𝑞𝑘) contains the prediction 𝑞𝑘 = 𝑥𝑛+𝑘 and does depend on

𝑞𝑘 which should be irrelevant to the errors at the 𝑘th prediction point.
We define another loss function;

𝑀2(𝒔𝑞∗𝑘−1 , 𝑞𝑘) =

√

√

√

√

𝑛+𝑘−1
∑

𝑖=1

(

𝑥̃𝑖 − 𝑥𝑖
)2, (43)

This minor modification with 𝑛+ 𝑘− 1 components would enable us to
remove an effect caused by the 𝑘th prediction.

In the one-stage look-ahead prediction, the loss function 𝑀0(𝒙, 𝑞)
is based on 𝑛 observations. If one is interested in the prediction with
he most recent data sequence, then 𝑛 + 𝑘 or 𝑛 + 𝑘 − 1 components in

Eqs. (42) and (43) may not be needed to calculate the sum of squared
errors. Dissimilar to 𝑀2(𝒔𝑞∗𝑘−1 , 𝑞𝑘) in Eq. (43), we define

𝑀3(𝒔𝑞∗𝑘−1 , 𝑞𝑘) =

√

√

√

√

𝑛+𝑘
∑

𝑖=𝑘

(

𝑥̃𝑖 − 𝑥𝑖
)2, (44)

keeping the number of components as 𝑛. As a natural extension, we
combine 𝑀2(𝒔𝑞∗𝑘−1 , 𝑞𝑘) and 𝑀3(𝒔𝑞∗𝑘−1 , 𝑞𝑘) by the following loss function;

4(𝒔𝑞∗𝑘−1 , 𝑞𝑘) =

√

√

√

√

𝑛+𝑘−1
∑

𝑖=𝑘

(

𝑥̃𝑖 − 𝑥𝑖
)2. (45)

In the loss function 𝑀3(𝒔𝑞∗𝑘−1 , 𝑞𝑘), we apply 𝒔𝑞𝑘 = (𝑥1,… , 𝑥𝑛, 𝑥𝑛+1 =

𝑞∗,… , 𝑥 = 𝑞∗ , 𝑥 = 𝑞 ). Instead of denoising 𝒔 and obtaining
1 𝑛+𝑘−1 𝑘−1 𝑛+𝑘 𝑘 𝑞𝑘
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Fig. 1. System architecture.
Fig. 2. Interface of W-SRAT2 (screenshot).
𝒔̃𝑞𝑘 = (𝑥̃1,… , 𝑥̃𝑛, 𝑥̃𝑛+1 = 𝑞∗1 ,… , 𝑥̃𝑛+𝑘−1 = 𝑞∗𝑘−1, 𝑥̃𝑛+𝑘 = 𝑞𝑘), we deal with
𝒔𝑞∗𝑘−1 = (𝑥1,… , 𝑥𝑛, 𝑥𝑛+1 = 𝑞∗1 ,… , 𝑥𝑛+𝑘−1 = 𝑞∗𝑘−1) by removing the last

prediction 𝑥𝑛+𝑘 = 𝑞𝑘. Denoising 𝒔𝑞∗𝑘−1 yields 𝒔̆𝑞∗𝑘−1 = (𝑥̆1,… , 𝑥̆𝑛, 𝑥̆𝑛+1 =
̂̆𝑞1,… , 𝑥̆𝑛+𝑘−1 = ̂̆𝑞𝑘−1), where 𝑥̆𝑛 (≠ 𝑥̃𝑛) is the denoised data with
different sequence 𝒔𝑞∗𝑘−1 . Hence, we define a different loss function by

𝑀5(𝒔𝑞∗𝑘−1 , 𝑞𝑘) =

√

√

√

√

𝑛+𝑘−1
∑

𝑖=𝑘

(

𝑥̃𝑖 − 𝑥̆𝑖
)2. (46)

Further combining the loss function 𝑀1(𝒔𝑞∗𝑘−1 , 𝑞𝑘) with 𝑀5(𝒔𝑞∗𝑘−1 , 𝑞𝑘),
we obtain

𝑀6(𝒔𝑞∗𝑘−1 , 𝑞𝑘) =

√

√

√

√

𝑛+𝑘−1
∑

𝑖=1

(

𝑥̃𝑖 − 𝑥̆𝑖
)2. (47)

In the above ways, we can define 6 loss functions in each algorithm,
Algorithm 1 or Algorithm 2, and propose 6×2 = 12 prediction methods.
8

5.4. Weighted loss functions

In Eq. (42) we apply a simple quadratic form for the loss function.
However, it is well known that such a simple loss function does not
work to make a good prediction in non-linear complex phenomena.
Then, we introduce several weighted loss functions. Let 𝑘𝑖 be the
weights for estimates 𝒔̃𝑞𝑘 = (𝑥̃1,… , 𝑥̃𝑛, 𝑥̃𝑛+𝑘) in Algorithms 1 and 2. Then
we define the weighted loss function;

𝑀2(𝒙𝒒 , 𝑞𝑘) =

√

√

√

√

𝑛+𝑘
∑

𝑖=1

(

𝑘𝑖,𝑛+𝑘𝑥𝑖 − 𝑥𝑖
)2,

𝑘𝑖,𝑛+𝑘 =
𝐾

(

𝑖−(𝑛+𝑘+1)
ℎ

)

∑𝑛+𝑘 𝐾
(

𝑗−(𝑛+𝑘+1)
) 𝑖 = 1, 2,… , 𝑛 + 𝑘, (48)
𝑗=1 ℎ



The Journal of Systems & Software 216 (2024) 112123J. Wu et al.
Table 2
Estimation methods in DT-WSE.

DT-WSE

Data transform Anscome1 (A1) Anscome2 (A2)
Bartlett1 (B1) Bartlett2 (B2)
Fisz1 (F1) Fisz2 (F2)

Thresholding rule Soft rule (S) Hard rule (H)

Threshold value Universal threshold (ut)
Level-dependent universal threshold (lut)
Leave-out-half’ cross-validation threshold (lht)

Table 3
Estimation methods in NDT-WSE.

NDT-WSE

Estimation method Haar-wavelet shrinkage estimation (HS)
Translation-invariant estimation (TI)

Thresholding rule Soft rule (S) Hard rule (H)

Threshold value Level-dependent threshold (ldt)
Leave-out-half’ cross-validation threshold (lht)

where ℎ (> 0) is the bandwidth, and the function 𝐾(⋅) is the kernel
function. In this paper we assume the following 4 kernel functions
excluding the linear kernel 𝐾(𝑥) = 𝑥;

𝐾(𝑥) = 1
√

2𝜋
𝑒−

1
2 𝑥

2
(Gaussian), (49)

𝐾(𝑥) = 3
4
(

1 − 𝑥2
)

𝐼(𝑥) (Epanechnikov), (50)

𝐾(𝑥) = 70
81

(

1 − |𝑥|3
)3 𝐼(𝑥) (Tricube), (51)

𝐾(𝑥) = 1
2
𝐼(𝑥) (Uniform), (52)

𝐼(𝑥) =

{

1 (|𝑥| ≤ 1)

0 (|𝑥| > 1)
. (53)

In our pre-experiments, we investigated the dependency of the band-
width in prediction and observed empirically that ℎ = 1.1 is an
appropriate choice. In the latter discussion, we assume ℎ = 1.1.

Including the fundamental linear kernel function, we have 5
weighted loss functions and propose 12 × 5 = 60 prediction meth-
ods under one wavelet shrinkage estimation. Finally, we develop the
predictive performance of our long-term prediction approaches, which
consist of 44 × 60 = 2640 combinations for the prediction methods.

6. W-SRAT2

In the early paper (Wu et al., 2021) we developed W-SRAT, Wavelet-
based Software Reliability Assessment Tool. In this paper, we release
the new version W-SRAT21 by improving the prediction functionality of
the cumulative number of software faults and the quantitative software
reliability. W-SRAT2 is a web-based freeware without cumbersome
installation and complicated deployment, and is a unique solution to
support the wavelet-shrinkage estimation/prediction which is appli-
cable to not only the software fault prediction but also some signal
processing problems. It runs in a cloud computing environment and
does not depend on the kind of operating system.

6.1. System architecture

The system architecture of W-SRAT2 is depicted in Fig. 1. It consists
of two software components; the user interface (front end) written by
HTML and the work end (back end) written by Python language. In the
front end we prepared three human–computer interaction interfaces as
follows.

1 https://wsrat.wujingchi.com.
9

Fig. 3. Data format (screenshot).

• Data Upload Interface - The data upload interface is respon-
sible for uploading the software fault-count dataset and is used to
send it to the ‘Verification Module’ in the back end. If the dataset
is legal, then it is temporarily saved on a server and is used for
denoising/prediction.

• Denoising Interface - The denoising interface is respon-
sible for accepting denoising method input, where the ‘Denois-
ing/Prediction Module’ in the back end shares the same interface
for denoising method input.

• Prediction Interface - The prediction interface is respon-
sible for receiving the prediction method and prediction term
(length) from the current observation point and forwarding these
information to the ‘Prediction Module’ in the back end.

In the back end, we process the data sent from the front end and
output the Denoising Report/Prediction Report in the xlsx form, where
three modules are used for the purposes.

• Verification Module - The ‘Verification Module’ is respon-
sible for ensuring that the data uploaded by the user can be used
for denoising/prediction. When the data is legal, it is temporarily
saved on the server for the use of denoising/prediction.

• Denoising Module - The ‘Denoising Module’ is responsible for
denoising the discrete intensity function based on the selected
denoising method. The denoising result is saved in an xlsx file.

• Prediction Module - The ‘Prediction Module’ is responsible
for predicting the discrete intensity function based on the selected
denoising and prediction method with a given prediction term.
The prediction result is saved in an xlsx file.

6.2. Data format

In W-SRAT2, we deal with only the group data, because almost all
software fault-count data in actual development projects are observed
in calendar time. Again, let 𝒙 = (𝑥1, 𝑥2,… , 𝑥𝑛) and 𝒚 = (𝑦1, 𝑦2,… , 𝑦𝑛)
be the number of software faults detected at testing time 𝑡𝑖 and the
cumulative value of software fault-counts, where 𝑦𝑖 =

∑𝑖
𝑗=1 𝑥𝑗 . It can

handle either of two kinds of data; 𝒙 and 𝒚. Fig. 3 presents the data
format for 𝒙, where the first column denotes the testing time (day,
week, etc.), and the second column presents the number of software
faults detected at each testing time. Once the data set was uploaded
after selecting the data type, the format is checked with a verification
function to ensure whether the data format is correct or not. In Fig. 2,
we show the interface of W-SRAT2.

https://wsrat.wujingchi.com
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Fig. 4. Prediction report sample of W-SRAT2 (part 1/2) (screenshot).
Table 4
Comparison of the prediction methods based on PMAE1.

Model name DS1 DS2 DS3

First testing phase

Parametric (Best) 5.25 32.98 7.17
(gamma) (exp) (pareto)

Wavelet (Best) 4.61 21.40 7.06
Method(2/Linear/M3/lut/S/A1) Method(1/Gaussian/M1/lht/S/B2) Method(2/Linear/M2/lut/S/F2)

Middle testing phase

Parametric (Best) 3.59 46.16 10.09
(lxvmin) (lxvmax) (exp)

Wavelet (Best) 3.05 7.62 3.32
Method(2/Linear/M5/ldt/S/TI) Method(2/Gaussian/M1/lht/S/B1) Method(2/Gaussian/M6/ldt/S/HS)

Last testing phase

Parametric (Best) 11.40 6.76 1.51
(gamma) (txvmin) (pareto)

Wavelet (Best) 2.59 3.34 1.52
Method(1/Linear/M5/lut/S/F2) Method(1/Gaussian/M3/lht/S/F1) Method(2/Gaussian/M6/ldt/S/HS)

Model Name DS4 DS5 DS6

First testing phase

Parametric (Best) 54.81 9.88 29.61
(lxvmax) (lxvmax) (gamma)

Wavelet (Best) 7.94 4.36 2.68
Method(1/Gaussian/M3/ldt/H/HS) Method(1/uniform/M1/lut/S/A1) Method(2/Gaussian/M1/ldt/H/TI)

Middle testing phase

Parametric (Best) 7.66 22.53 4.56
(gamma) (lxvmax) (gamma)

Wavelet (Best) 7.51 4.70 1.70
Method(1/Gaussian/M6/ldt/S/HS) Method(2/Linear/M5/ut/S/A2) Method(2/Gaussian/M1/ut/S/B1)

Last testing phase

Parametric (Best) 8.08 5.09 1.55
(lxvmax) (lxvmax) (txvmin)

Wavelet (Best) 4.93 3.26 1.07
Method(2/Gaussian/M3/lht/S/A1) Method(1/Gaussian/M3/lut/S/A1) Method(1/Linear/M3/lut/S/F2)
10
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Fig. 5. Prediction report sample of W-SRAT2 (part 2/2) (screenshot).

6.3. Functionality

The discrete intensity estimation is the most fundamental function
in W-SRAT2. First, we choose one of the estimation schemes; DT-
WSE (Xiao and Dohi, 2013a) or NDT-WSE (Xiao and Dohi, 2013b).
When DT-WSE is selected, we need to determine (i) data transformation
method, (ii) thresholding rule, (iii) threshold value as a component of
the estimation method. In NDT-WSE, instead of the data transform,
we choose one of the estimation algorithms; Haar-wavelet shrinkage
estimation (HS) or translation-invariant estimation (TI) (Xiao and Dohi,
2013b). Tables 2 and 3 summarize the estimation methods in DT-WSE
and NDT-WSE, respectively. When the leave-out-half cross-validation
threshold (lut) or the translation-invariant estimation (TI) is used in the
discrete intensity estimation, it tends to take longer computation time,
because the optimization procedure in ‘lut’ is more complex than the
other thresholds. In contrast, in TI, the data set is expanded into 𝑛 shift-
data sets, which result in an 𝑛-times increase on the computation cost.
Once the estimation method is selected, the discrete intensity function
is estimated with the software fault-count data experienced in the past.

In Denoising Module of Fig. 1, the software intensity function
is estimated by means of one of wavelet shrinkage estimation methods
on all the past observation points. In this module we implement 44
estimation methods which consist of 36 DT-WSE and 8 NDT-WSE. The
DT-WSE contains 6 data transform methods, 2 thresholding rules and
11
3 threshold values in Table 2. On one hand, NDT-WSE involves two
patterns (H and TI) and 2 thresholding rules in Table 3. We plot not
only the estimated discrete intensity function with the observation
𝒙 and the mean value function with the cumulative observation 𝒚
for better understanding the fault-count behavior. To investigate the
goodness-of-fit of the NHPP-based SRGM with a selected estimation
method, we calculate two kinds of mean squares errors (MSEs):

MSE1 =

√

∑𝑛
𝑖=1{𝛬̂(𝑡𝑖) − 𝑦𝑖}2

𝑛
, (54)

MSE2 =

√

∑𝑛
𝑖=1{𝛥𝛬̂(𝑡𝑖) − 𝑥𝑖}2

𝑛
, (55)

where 𝑛 is the testing length. By checking the MSE value, the user
can assess the goodness-of-fit of the NHPP-based SRGM under consid-
eration, and may try to select a different combination of the system
parameters so as to fit the underlying data. Note that the information
criteria such as Akaike information criterion (AIC) (Akaike, 1998) does
not work for our non-parametric approach.

In Prediction Module of Fig. 1, we predict the future value of
the discrete intensity function with a given prediction time length 𝑙.
For the estimation result based on one estimation method out of 44
methods, we apply one prediction algorithm out of 60 methods.

The commonly used metrics to assess the predictive performance
are the predictive mean absolute errors (PMAEs):

PMAE1 =
∑𝑛+𝑙
𝑖=𝑛+1 |𝛬̂(𝑡𝑖) − 𝑦𝑖|

𝑙
, (56)

PMAE2 =
∑𝑛+𝑙
𝑖=𝑛+1 |𝛥𝛬̂(𝑡𝑖) − 𝑥𝑖|

𝑙
, (57)

where 𝑛 is the data length, 𝑙 is the prediction length, 𝑥𝑖 (𝑦𝑖) is the
(cumulative) number of software faults. Because W-SRAT2 can be used
to predict the number of software faults detected at an arbitrary time in
the future, the ex-post facto evaluation on the predictive performance is
not made on the tool. Based on our long-term prediction algorithms, we
calculate 𝑞∗1 , 𝑞

∗
2 ,… , 𝑞∗𝑙 and return them as a series of prediction points

in an excel sheet. The visual function is also used to plot the predictive
behaviors of the discrete intensity function and the mean value function
for the future. Finally, from Eq. (4), the quantitative software reliability
𝑅𝑛(𝑙) = exp{−(𝛬(𝑡𝑛 + 𝑙) −𝛬(𝑡𝑛))} = exp{−

∑𝑛+𝑙
𝑖=𝑛 𝛥𝛬(𝑡𝑖)} is calculated with

the observation point 𝑡𝑛 = 𝑛 and the prediction length 𝑙.
In summary, we provide an actual example of a predictive report

in Figs. 4 and 5. Fig. 4 presents the first half of the predictive report.
Here, we depict the software fault data uploaded by the user along
with the prediction number of software faults. Fig. 5 showcases the
second half of the predictive report. This slide describes the prediction
options selected by the user along with software reliability from release
to prediction point. Moreover, it features the graphical representation
of the intensity function and the mean value function.

7. Experiments

7.1. Preliminary

We examine the prediction performance of all combinations of
wavelet shrinkage prediction. More specifically, we investigate the
predictive performance of 2640 prediction models on three phases of
6 data sets. For comparison with the representative parametric NHPP-
based SRGMs, we assume 11 parametric models in Table 1, where the
maximum likelihood estimation is applied with SRATS (Okamura and
Dohi, 2013).

To clarify the prediction method via the wavelet shrinkage predic-
tion, we introduce the notation Method(C1∕C2∕C3∕C4∕C5∕C6), where

C1: algorithm (Algorithm 1, Algorithm 2),



The Journal of Systems & Software 216 (2024) 112123

12

J. Wu et al.

Fig. 6. Prediction behaviors of the cumulative number of software faults in DS1.

Fig. 7. Prediction behaviors of the cumulative number of software faults in DS2.

Fig. 8. Prediction behaviors of the cumulative number of software faults in DS3.

Fig. 9. Prediction behaviors of the cumulative number of software faults in DS4.
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Fig. 10. Prediction behaviors of the cumulative number of software faults in DS5.
Fig. 11. Prediction behaviors of the cumulative number of software faults in DS6.
Fig. 12. Sensitivity analysis about prediction algorithm (C1) in early testing phase.
Table 5
Information of software fault-count data.

Data set Application Language Period Total No.

DS1 (Lyu, 1996) Spacecraft system Assembly 62 weeks 133
DS2 (Lyu, 1996) Spacecraft system HAL/S 41 weeks 351
DS3 (Lyu, 1996) Spacecraft system C, Fortran, EQUEI, OSL 73 weeks 367
DS4 (Lyu, 1996) Brazilian electronic switching system Assembly 81 days 461
DS5 Retro video game emulation for macOS Objective-C 100 months 368
DS6 A web-based tool for Spriting and Pixel art Javascript 59 months 80
13
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Fig. 13. Sensitivity analysis about prediction algorithm (C1) in middle testing phase.
Fig. 14. Sensitivity analysis about prediction algorithm (C1) in late testing phase.
C2: kernel function (linear, Gaussian, Epanechnikov, tricube, uni-
form),

C3: loss function (𝑀1, 𝑀2, 𝑀3, 𝑀4, 𝑀5, 𝑀6),

C4: threshold value (ut, lut, lht, ldt),

C5: thresholding rule (S, H),

C6: data transform (A1 in DT, A2 in DT, B1 in DT, B2 in DT, F1 in DT,
F2 in DT, HS in NDT, TI in NDT).
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7.2. Data sets

In this paper, we deal with the time series data. We use 6 actual
software development project data sets. The data sets DS1∼ DS4 are
referenced in the well-known literature (Lyu, 1996), where they were
named as J1, J3, J5 and SS1. The data sets DS5 and DS6 come from
GitHub.23 All software fault-count data above are recorded as the
group data, i.e., the number of software faults detected at each testing

2 https://github.com/OpenEmu/OpenEmu, from Feb. 2012 to Sept. 2020.
3 https://github.com/piskelapp/piskel/, from Sept. 2012 to Jul. 2018.

https://github.com/OpenEmu/OpenEmu
https://github.com/piskelapp/piskel/
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Fig. 15. Sensitivity analysis about prediction weight method (C2) in early testing phase.
Fig. 16. Sensitivity analysis about prediction weight method (C2) in middle testing phase.
time (month). Table 5 summarizes the information of the software
fault-count data used for the analysis.

To investigate the predictive performances, we divide the entire
data into the training data and the validation data, where three cases
with 30%, 50% and 70% of the entire data are considered for the
training data, and are corresponding to the early testing phase, the
middle testing phase and the late testing phase, respectively. Note
that we do not draw random samples as the training data in our
experiments. So, we make the prediction for the remaining periods of
70%, 50% and 30% in respective data sets.
15
7.3. Prediction

In this paper, we conducted 3 × 6 = 18 prediction experiments for
each prediction method (i.e., a total of 2640 × 18 = 47 520 prediction
experiments) to thoroughly analyze the predictive performance of each
method. Figs. 6–11 illustrate the prediction behaviors of the cumulative
number of software faults in DS1∼DS6, where we plot the best pre-
diction results by the parametric NHPP-based SRGMs and the wavelet
shrinkage prediction methods. The horizontal axis represents time.
The vertical axis represents the cumulative number of software faults
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Fig. 17. Sensitivity analysis about prediction weight method (C2) in late testing phase.
Fig. 18. Sensitivity analysis about prediction loss function (C3) in early testing phase.
detected. In the early testing phase, it is seen that the parametric SRGM
with the gamma type c.d.f. indicated a flat prediction result and could
not predict the future behavior of the cumulative number of software
faults accurately. However, the wavelet method could catch the real
data trend even in the remaining testing period. In the middle testing
phase, we find that both parametric SRGM and the wavelet method
showed the similar prediction, but as the prediction length becomes
longer, the parametric SRGM was worse than the wavelet method. In
the late testing phase, the predictive performances with both models
were almost similar. In our experiments, we observed that when the
future trend of the cumulative number of software faults rapidly grows,
the parametric SRGM could not often catch up such a change point,
because a deterministic mean value function was assumed in advance.
16
On the other hand, it is seen that our wavelet shrinkage prediction
could fit such data with a change point in the trend.

Next, we quantify the predictive performances of both the para-
metric SRGMs and the wavelet shrinkage methods. Table 4 presents
the minimum PMAE1 in three testing phases of all data sets, where
we compared 11 parametric SRGMs and 2640 wavelet shrinkage pre-
diction methods. In the Table 4, the red-colored value denotes the
minimum PMAE1 in each testing phase of each data set. Although the
parametric SRGM with pareto c.d.f. gave a slightly smaller value than
M(2/Gaussian/𝑀6/ldt/S/HS), it can be seen that the wavelet shrinkage
prediction methods could provide the better prediction results in the
remaining data sets. From the results in Table 4, we can conclude that
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Fig. 19. Sensitivity analysis about prediction loss function (C3) in middle testing phase.
Fig. 20. Sensitivity analysis about prediction loss function (C3) in late testing phase.
the wavelet shrinkage methods have excellent potentials to make an
accurate prediction of the cumulative number of software faults.

7.4. Ranking prediction methods

In Table 4 we compared the best prediction models in both paramet-
ric and non-parametric approaches. However, it is worth mentioning
that the best model depends on the kind of data sets in each testing
phase. Especially, it is quite hard to choose the best wavelet shrinkage
prediction method from 2640 candidates. The one of our purpose in
this paper is to investigate which combination methods in the wavelet
approach are appropriate for choosing the better prediction models.
The references in Xiao and Dohi (2013a,b) carefully examined the
17
best goodness-of-fit methods in wavelet shrinkage estimation. On the
other hand, we force on the prediction methods in terms of PMAE. It
has been shown through Xiao and Dohi (2013a,b) and our numerical
experiments that best goodness-of-fit model is not always equivalent
to the best prediction model. This fact implies that our ranking results
can provide a usefully information to predict the cumulative number
of software faults by means of the wavelet approaches to software
engineering practitioners. For the purpose of recommendation to practi-
tioners, we rank all the parametric and non-parametric models in terms
of the PMAE1. Tables 6 and 7 present the ranking results based on
the average PMAE1, where the best NHPP-based SRGMs and the best
wavelet shrinkage prediction methods are listed up in the ascending
order.
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Fig. 21. Sensitivity analysis about prediction threshold method (C4) in early testing phase.
Fig. 22. Sensitivity analysis about prediction threshold method (C4) in middle testing phase.
From Table 6, it can be seen that pareto, exp and lxvmax provided
the better predictive performances in both early and middle testing
phases. On one hand, in the late testing phase, two extreme-value mod-
els, txvmin and lxvmax, gave the first and second places in the ranking.
If one is interested in the average PMAE1 to select an appropriate
NHPP-based SRGM, then we strongly recommend to use the lxvmax
type NHPP-based SRGM for the software fault prediction.

In Table 7 we rank the best 10 ranked wavelet shrinkage prediction
methods out of 2640 methods by comparing the average PMAE1, where
the higher ranked wavelet shrinkage prediction methods are all based
on the Gaussian kernel function in the weighted loss function. In the
early and late testing phases, Algorithm 2 is better than Algorithm 1 in
the top two ranked methods, but in the middle testing phase Algorithm
18
1 could work better in the top 10 ranked methods than Algorithm 2. In
the variations of loss functions, only 𝑀1 and 𝑀3 gave the better results
in average. On the wavelet shrinkage estimation method, it is found
that the translation-invariant estimation (TI) in NDT-WSE provided the
top ranked prediction results in all cases. In DT-WSE, the universal
threshold ‘ut’ and the leave-out-half cross-validation threshold ‘ldt’
tended to give the better results. Comparing the average PMAEs in
Table 6 with those in Table 7, we could recognize the significant
difference on the average PMAEs. Hence, although it is troublesome
to select the appropriate wavelet shrinkage prediction methods, our
practical suggestion is to apply the top 5 ranked methods for the
accurate predictions.
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Fig. 23. Sensitivity analysis about prediction threshold method (C4) in late testing phase.
Fig. 24. Sensitivity analysis about prediction threshold rule (C5) in early testing phase.
7.5. Sensitivity analysis

As 7.3 section mentioned, we examine 2640 method in 18 predic-
tion experiments for determining the best generalization performance
method. In this sub-section, we are going to investigate how effect the
prediction performance with different prediction method variations.
From 7.1 section, it is clear that one our wavelet-based prediction
method consists by 6 prediction method part : C1 ∼ C6. We fix one
part of them and observer the PMAE distribution by changing other
part.

Figs. 12–29. presents the box plot about different prediction method
parts with 6 data set and 3 testing phases. It is seen that for one
19
prediction method part, a specific prediction method option has similar
PMAE distributions with different testing phases and data sets.

For C1 part, we can see that the different prediction algorithm
shows similar prediction performance in sense of PMAE distribution
across different testing phases and different data sets. For C2 part,
Gaussian kernel-based weighted method and Linear-based weighted
method show the better prediction performance. For C3 part, M1 and
M3 loss function show the better prediction performance. For C4 part,
lht shows worse PMAE distribution in both DT-based wavelet prediction
and NDT-based wavelet prediction. the other threshold method show
similar PMAE distribution. For C5 part, soft threshold rule show better
PMAE distribution than hard threshold rule. For C6 part, the different
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Fig. 25. Sensitivity analysis about prediction threshold rule (C5) in middle testing phase.
Fig. 26. Sensitivity analysis about prediction threshold rule (C5) in late testing phase.
data transform method show similar PMAE distribution in different
data set and testing phases.

As a conclusion for sensitivity analysis, by selecting Gaussian kernel-
based weighted method and Linear-based weighted method. M1 and
M3 loss function can meaningfully improve the predictive accuracy of
the wavelet prediction method. The prediction ranking in Section 7.4
also corroborated our conclusion.

7.6. Threats to validity

The degree of the validity of the experimental design is as impor-
tant as the experimental results (Hyman, 1982). In this paper, we
20
are concerned to the internal, external, and construct validity of the
experiment, respectively.

𝐼𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦: Internal validity describes whether there are un-
controlled factors in the experiment that we have not considered.
Collecting representative software fault data is an important threat to
internal validity. We utilized 3 sets of software fault testing data from
Jet Propulsion Laboratory (JPL) space station subsystems and a set of
software data from Brazilian electronic switching system, TROPICO R-
1500, Lyu (1996). In addition, considering the recent development of
open-source software, we also used two sets of software failure data
from well-known projects on GitHub.

Furthermore, the choice of minimization algorithm is also an impor-
tant threat to internal validity. In this paper, our wavelet forecasting
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Fig. 27. Sensitivity analysis about prediction data transform (C6) in early testing phase.
Fig. 28. Sensitivity analysis about prediction data transform (C6) in middle testing phase.
method applies Newton’s method to solve the optimization problem.
Here, the initial value is set to the number of software failures from
the previous day, as we assume, without loss of generality, that the
number of software faults detected on two consecutive days is close.

In addition to this, the traditional software reliability models we
selected for comparison with the wavelet prediction method also con-
stitute an aspect of the threat to internal validity. In our experiments,
we applied 11 of the most representative SRGMs in the field of soft-
ware reliability and fairly tested their predictive performance. In our
experiments, the EM algorithm (Okamura et al., 2004) was used for
parameter estimation of the parametric model. This algorithm has been
implemented in the SRATS tool, which is widely used in the field of
software reliability.
21
𝐸𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦: External validity discusses whether the same ex-
perimental results can be generalized to other situations or settings.
Considering the recent development of open-source software, we also
used two sets of software failure data from well-known projects on
GitHub to improve the external validity of our experiments. The size
of the dataset may also affect the experimental results. To address this
issue, we applied six sets of software failure data of varying sizes.

𝐶𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦: Construct validity is the degree to which a test
measures what it claims, or purports, to be measuring. To verify that
our proposed model is able to predict the number of faults more accu-
rately, we adopted PMAE as the evaluation metric that most intuitively
demonstrates the accuracy of predictions. Although other metrics such
as PMSE are also widely used in the field of software reliability,
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Fig. 29. Sensitivity analysis about prediction data transform (C6) in late testing phase.
Table 6
Ranking of NHPP-based SRGMs based on the average PMAE1.

Early testing phase

Model Average PMAE1 DS1 DS2 DS3 DS4 DS5 DS6

pareto 31.65 5.35 34.29 7.17 98.52 14.22 30.37
lxvmax 36.87 13.57 79.14 33.54 54.81 9.88 30.31
exp 40.19 7.10 32.98 27.75 126.70 13.82 32.79
lnorm 45.65 9.08 102.49 13.23 73.80 45.11 30.18
llogist 62.97 5.30 117.29 61.53 117.21 46.27 30.22
gamma 66.54 5.25 125.70 63.24 122.45 52.95 29.61
lxvmin 73.15 5.49 131.68 92.24 124.33 55.12 30.05
txvmax 77.69 14.91 133.37 89.58 142.70 52.77 32.80
tlogist 83.83 31.61 135.86 102.82 145.21 54.69 32.80
tnorm 85.45 32.63 138.08 107.99 145.48 55.65 32.84
txvmin 89.30 42.12 136.96 116.43 151.56 55.91 32.81

Middle testing phase

Model Average PMAE1 DS1 DS2 DS3 DS4 DS5 DS6

pareto 21.66 3.63 55.77 14.90 22.52 27.57 5.60
exp 22.55 3.83 66.62 10.09 20.99 27.64 6.14
lxvmax 24.04 8.75 46.16 29.37 30.38 22.53 7.07
lnorm 28.90 6.21 54.71 44.19 25.53 36.55 6.18
llogist 31.08 3.60 71.87 58.96 10.25 37.05 4.75
gamma 31.98 3.60 72.47 63.60 7.66 40.00 4.56
lxvmin 33.99 3.59 74.90 70.63 10.03 40.06 4.70
txvmax 39.22 6.06 95.63 72.90 13.01 40.76 6.95
tlogist 41.28 6.80 99.17 75.18 18.85 40.31 7.35
tnorm 43.59 7.66 97.44 79.42 28.46 39.81 8.75
txvmin 46.02 7.39 98.77 81.87 41.50 38.45 8.13

Late testing phase

Model Average PMAE1 DS1 DS2 DS3 DS4 DS5 DS6

txvmin 13.51 19.51 6.76 3.70 39.76 9.76 1.55
lxvmax 14.33 14.46 44.45 7.64 8.08 5.09 6.28
tnorm 14.96 16.87 19.10 5.80 36.65 9.57 1.79
tlogist 15.02 16.14 24.00 6.22 32.80 9.27 1.69
pareto 15.19 12.58 51.84 1.51 17.70 5.46 2.07
lnorm 15.71 13.22 43.11 9.45 12.90 9.91 5.65
exp 15.78 12.64 51.88 2.94 17.82 7.50 1.87
llogist 16.22 11.54 37.47 13.69 18.78 11.18 4.65
txvmax 16.55 15.35 29.76 11.35 30.32 10.83 1.72
lxvmin 16.81 11.47 31.29 12.69 29.30 11.50 4.62
gamma 17.05 11.40 34.21 13.45 26.33 12.39 4.55
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however, considering the measurement of the average prediction error
across different datasets, PMAE is a more appropriate choice.

8. Concluding remarks

In this paper, we have proposed several long-term prediction meth-
ods of the cumulative number of software faults detected in the testing
phase via the wavelet shrinkage prediction. We have also implemented
an automated wavelet-based software reliability assessment tool, W-
SRAT2, which is a drastic extension of the existing tool, W-SRAT, by
adding those prediction algorithms. In numerical experiments with 6
actual software development project data, we have investigated the
predictive performance of our long-term prediction approaches, which
consist of 2640 combinations, and compared them with the com-
mon software reliability growth models with the maximum likelihood
estimation. It has been shown that our wavelet shrinkage estima-
tion/prediction methods outperformed the existing software reliability
growth models in almost all cases.

Note that the superiority of the wavelet methods was known in
the goodness-of-fit in the estimation of the number of software faults
in Xiao and Dohi (2013a,b). However, some views point out that, the
wavelet shrinkage estimation may leads the overfitting to the particular
datasets used in the study. In face, Xiao and Dohi (2013a,b) has
discussed about the overfitting, where the threshold method with ‘lht’
showed the best goodness-of-fit. In Figs. 3∼4. Xiao and Dohi (2013a),
it is evident to confirm the overfitting. On the other hand, in this paper,
throughout our sensitivity analysis, it can be seen that the predictive
performance of the threshold method with ‘lht’ and concluded that it
has weaker predictive performance. Our lesson learned in this paper is
that the wavelet-based approach is still useful in the prediction of the
number of software faults. Further, through the empirical works with
2640 wavelet shrinkage prediction methods and 18 cases for 6 data
sets, we have recommended a few prediction methods and shown that
the common NHPP-based SRGM with parametric mean value functions
did not work better than our wavelet shrinkage methods. Since we have
already released W-SRAT2 as a freeware, the research community in
software reliability engineering and the practitioners will confirm the
predictive performances with different software development project
data.
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Table 7
Ranking of wavelet methods based on the average PMAE1.
Early testing phase

Model Average PMAE1 DS1 DS2 DS3 DS4 DS5 DS6

Method(2/Gaussian/M3/ldt/H/TI) 24.62 6.78 86.68 14.93 24.37 10.49 4.48
Method(2/Gaussian/M1/ldt/H/TI) 25.45 5.90 88.35 12.15 20.58 23.05 2.68
Method(1/Gaussian/M1/ldt/S/TI) 31.93 16.54 89.33 25.37 18.48 13.12 28.73
Method(1/Gaussian/M3/ut/S/F1) 32.06 17.18 86.40 36.45 7.97 15.84 28.50
Method(1/Gaussian/M3/ut/S/F2) 32.06 17.18 86.40 36.45 7.97 15.84 28.50
Method(1/Gaussian/M3/ut/H/F2) 32.06 17.18 86.40 36.45 7.97 15.84 28.50
Method(1/Gaussian/M1/ut/S/A1) 33.17 18.11 59.63 21.05 25.49 45.57 29.18
Method(1/Gaussian/M1/ut/S/A2) 33.17 18.11 59.63 21.05 25.49 45.57 29.18
Method(1/Gaussian/M1/ut/S/B1) 33.38 17.72 59.54 20.96 25.67 47.39 28.99
Method(1/Gaussian/M1/ut/S/B2) 33.38 17.72 59.54 20.96 25.67 47.39 28.99

Middle testing phase

Model Average PMAE1 DS1 DS2 DS3 DS4 DS5 DS6

Method(1/Gaussian/M3/ldt/S/TI) 17.87 14.21 17.02 41.02 8.06 23.83 3.09
Method(1/Gaussian/M1/ut/S/B2) 18.39 15.50 26.98 31.13 22.87 8.40 5.44
Method(1/Gaussian/M1/ut/H/B2) 18.39 15.50 26.98 31.13 22.87 8.40 5.44
Method(1/Gaussian/M1/ut/S/B1) 18.39 15.50 26.98 31.13 22.87 8.40 5.44
Method(1/Gaussian/M3/ut/S/F1) 18.61 8.83 27.92 29.05 28.64 13.84 3.36
Method(1/Gaussian/M3/ut/S/F2) 18.61 8.83 27.92 29.05 28.64 13.84 3.36
Method(1/Gaussian/M3/ut/H/F2) 18.61 8.83 27.92 29.05 28.64 13.84 3.36
Method(1/Gaussian/M1/ut/S/A1) 18.62 15.99 26.92 31.22 22.63 9.27 5.71
Method(1/Gaussian/M1/ut/S/A2) 18.62 15.99 26.92 31.22 22.63 9.27 5.71
Method(1/Gaussian/M1/ut/H/A2) 18.62 15.99 26.92 31.22 22.63 9.27 5.71

Late testing phase

Model Average PMAE1 DS1 DS2 DS3 DS4 DS5 DS6

Method(2/Gaussian/M3/lht/S/TI) 12.89 21.70 7.14 34.42 7.49 4.19 2.38
Method(2/Gaussian/M3/ldt/H/TI) 12.94 12.88 25.26 6.65 22.98 8.55 1.35
Method(1/Gaussian/M3/ldt/H/TI) 13.51 17.51 12.72 17.54 23.57 6.50 3.24
Method(2/Gaussian/M1/lht/S/TI) 13.72 21.66 12.64 34.22 6.89 4.49 2.41
Method(2/Gaussian/M1/ldt/H/TI) 13.94 12.79 33.61 6.20 21.95 7.93 1.19
Method(2/Gaussian/M3/ldt/S/TI) 14.13 13.02 46.33 2.33 13.36 8.56 1.20
Method(1/Gaussian/M3/lut/S/F1) 14.14 17.14 16.10 13.36 28.92 4.91 4.40
Method(1/Gaussian/M3/lut/S/F2) 14.14 17.14 16.10 13.36 28.92 4.91 4.40
Method(2/Gaussian/M3/lut/S/F2) 14.32 11.17 32.70 8.41 18.13 14.30 1.17
Method(2/Gaussian/M3/lut/S/F1) 14.32 11.17 32.70 8.41 18.13 14.30 1.17
For scenarios where software failure data exhibit highly irregular
ehavior, or where the fault discovery rate suddenly changes due to ex-
ernal factors (such as significant code restructuring or the introduction
f new technologies), it is often necessary to determine whether there is
change point in the data. In future, we are going to propose an change
oint monitor-based long-term prediction method. We also have a plan
o open the source code of W-SRAT2 in GitHub for the practical use. We
ill generalize the wavelet shrinkage estimation/prediction methods to
pply more informative data with software metrics.
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